§1 Introduction
Throughout this paper we use the definitions and notations in [DZ1] , and assume that F is an arbitrary field of characteristic 0. Let me start with the definition of generalized Witt algebras.
Let A be an abelian group, T a vector space over F . We denote by F ½A the group algebra of A over F . The elements t x , x A A, form a basis of F ½A with the multiplication t x t y ¼ t xþy . We shall write 1 instead of t 0 . The tensor product W ¼ F ½A n F T is a free left F ½A-module. We shall usually denote an arbitrary element of T by q, and for simplicity we write t x q instead of t x n q. We now fix a pairing j : T Â A ! F , which is F -linear in the first variable and additive in the second one. For convenience we shall also use the following notations: jðq; xÞ ¼ qðxÞ ¼ xðqÞ for any q A T and x A A:
Under the bracket ½t x q 1 ; t y q 2 :¼ t xþy ðq 1 ðyÞq 2 À q 2 ðxÞq 1 Þ; for any q 1 ; q 2 A T and x; y A A;
W becomes a Lie algebra. We shall refer to W ¼ W ðA; T; jÞ as a generalized Witt algebra. Generalized Witt algebras were thoroughly studied in [DZ1] . For further generalizations of this class of Lie algebras, please refer to [DZ2] , [Jo] , [P] , and [X] , where Lie algebras not belonging to W ðA; T; jÞ generally do not have a torus. The structure theory of generalized Witt algebras is quite complete. From [DZ1] we know that W is a simple Lie algebra if and only if A is nonzero and j is nondegenerate in the sense that jðx; AÞ ¼ 0 and jðA; yÞ ¼ 0 implies x ¼ 0 and y ¼ 0 respectively. In this case A must be torsion-free.
When A F Z n and dim T ¼ n, the simple Lie algebra W ðA; T; jÞ is isomorphic to the classical Witt algebra W n ¼ DerðF ½t G1 1 ; . . . t
G1
n Þ, where F ½t G1 1 ; . . . t
n is the Laurent polynomial algebra. When dim T ¼ 1 (A arbitrary), the simple Lie algebra W ðA; T; jÞ is isomorphic to a centerless generalized Virasoro algebra introduced in [PZ] (a generalization of the centerless Virasoro algebra).
For representation theory, we have the complete classification for irreducible weight modules (with finite dimensional weight spaces) over the Virasoro algebra, see [M] . All weight modules with 1-dimensional weight spaces over generalized Virasoro algebras were obtained in [SZ] , while the corresponding classification for the classical Virasoro algebra was given in [Kp] . Eswara Rao [E1, E2] and Jia [J] constructed some weight modules over W n . In the study of toroidal Lie algebras, a particular case of current algebras, representations of generalized Witt algebras play an important role, see [BB] .
We shall now describe the contents of this paper. We assume that W ¼ W ðA; T; jÞ is always simple.
In Section 2, for convenience of the reader, we collect some known results for later use. In Section 3, we construct five classes of indecomposable weight modules over W with 1-dimensional weight spaces, give the necessary and su‰cient conditions for two such modules to be isomorphic, and prove an important result on the module structure. This is di¤erent from that for generalized Virasoro algebras where we have only three classes. Also conditions for two such modules for dim T > 2 to be isomorphic are di¤erent from that for dim T ¼ 1 (the case of generalized Virasoro algebras). See Theorem 3.6. When W F W n , the first class of these modules are essentially the ones constructed in [E1, E2] and [J] .
In Section 4, we classify indecomposable, and irreducible W -modules with 1-dimensional weight spaces for algebraically closed field F of characteristic 0 (Theorem 4.1). We first used the classification of weight modules with 1-dimensional weight spaces over generalized Virasoro algebras obtained in [SZ] to prove this result for the critical case of W 2 (Claim 2 in the proof ) and then use the sewing technique (stitch small pieces together) used in [SZ] to obtain the complete classification. The reason we confine our argument on an algebraically closed field is that the proof of Claim 2 (and some other places) requires the field big enough to get a centerless generalized Virasoro algebra.
Then in Section 5 we easily give the classification of indecomposable and irreducible W -modules with 1-dimensional weight spaces for arbitrary field F of characteristic 0 (Theorems 5.2 and 5.3).
Here I would like to thank the referee for some suggestions to smooth this paper. i.e., adðqÞ acts on W x as the scalar qðxÞ. Hence, q is semisimple in the sense that adðqÞ is a semisimple operator on W . Consequently, T is a (actually the unique) torus, i.e., the maximal abelian subalgebra of W consisting of semisimple elements. In this paper we are only interested in simple algebras W ðA; T; jÞ, that is, we assume that A is nonzero (torsion-free) and j is nondegenerate. If dim T ¼ 1, the simple algebra W ðA; T; jÞ is essentially the centerless generalized Virasoro algebra. Now I am going to present this algebra in another notation used in [SZ] .
Let M be an abelian additive sub-group of F . The centerless generalized Virasoro algebra Vir½M is defined to be the Lie algebra with F -basis fL m ; c j m A Mg, subject to the following commutator relations:
For any a; b A F , in [SZ] the following three series of Vir½M-modules A a; b ðMÞ, A a ðMÞ, B a ðMÞ were defined: they all have basis fv m j m A Mg with actions given by the following formulas
for any m; n A M. We use A 
(ii) A a; 0 ðMÞ F A a 0 ; 1 ðMÞ for a B M with a À a 0 A M, The proof here is the same as that of Theorem 4.5 of [SZ] just replacing [2, Theorem 2.1] there by [SZ, Theorem 4.6] in that proof. We omit the details.
r §3 Weight modules with weight multiplicity 1
In this section we shall define five classes of indecomposable W -modules:
Recall that we have assumed that W is simple. Since j is nondegenerate we can regard A as a sub-group of the dual space T Ã ¼ HomðT; F Þ via j, i.e., xðqÞ ¼ jðq; xÞ, Remark. Clearly A a; b ðW Þ F A aþx; b ðW Þ for any x A A. In the case of A ¼ Z n and dim T ¼ n, the modules A a; b ðW Þ were constructed in [E1, E2] and [J] . Proof. (a) ''(''. This is clear.
x with actions in (3.1). Then a À a 0 A A. From the above remark we may assume that a ¼ a 0 , so we have an isomorphism of the form
where f ðxÞ A F Ã with f ð0Þ ¼ 1. From t y qyðv x Þ ¼ yððt y qÞv x Þ, it follows that Since f ðxÞ f ðx þ yÞ 0 0, we obtain that
This is a contradiction since dim T b 2. So A For any a A T Ã , we define the
The modules A a ðW Þ,Ã A a ðW Þ, B a ðW Þ,B B a ðW Þ for a A T Ã are indecomposable but reducible.
Note that when dim T ¼ 1, we haveÃ A a ðW Þ F A 0; 1 ðW Þ, andB B a ðW Þ F A 0; 0 ðW Þ. 
Proof. We need only determine ðt x qÞv y for x; y A A with y ¼ 0 or x þ y ¼ 0. Since V is indecomposable, we know that Tv 0 ¼ 0, and ðt
Case 1:
Then f is linear in the first variable, and f ðq; 0Þ ¼ f ð0; xÞ ¼ 0. From the equation
we see that
, we obtain
From (3.9) and (3.10) we see that
Claim 1. For any q A T, we have f ðq; xÞ ¼ aqðxÞ for all x A A where a A F Ã is a constant.
From (3.7) we see that
Applying (3.11) to (3.12), we deduce that
ð3:13Þ
By checking special cases (for example q 1 ðx 1 Þ ¼ 0), we see that the condition for (3.13) is only q 1 ðx 2 Þ ¼ 0. Suppose q 1 ðx 3 Þ 0 0 for x 3 A Anf0g. Choose q 3 A T such that q 3 ðx 2 Þ 0 0 and q 3 ðx 3 Þ ¼ 0. From (3.13) we see that
Thus, we can choose v 0 such that
we see that ðt
Case 2: for all x 1 ; x 2 A A, q 1 ; q 2 A T with x 1 þ x 2 0 0. By letting q 2 ¼ q 1 in (3.17) we obtain that
For any nonzero sub-group A 1 of A with
Fv x . Then W ðA 1 ; q 1 Þ is a centerless generalized Virasoro algebra, and V ðA 1 Þ is a module over W ðA 1 ; q 1 Þ. From Theorem 2.2 we know that
For y 0 A kerðq 1 Þ, by replacing x 2 with x 1 þ y 0 in (3.18) and x 1 A A 1 , we deduce that Since f ðq; xÞ is linear in the first variable, we see that
Ex A Anðkerðq 1 Þ W kerðq 2 ÞÞ; which implies that
and that b q is linear in q A T, which ensures that there exists an a A T Ã such that b q ¼ aðqÞ, Eq A T: So f ðq; xÞ ¼ aqðxÞ þ aðqÞ; Eq A T; x A AnkerðqÞ; ð3:23Þ where a A F , a A T Ã . Since f ðq; xÞ is linear in q, we deduce that f ðq; xÞ ¼ aqðxÞ þ aðqÞ; Eq A T; x A Anf0g; ð3:24Þ
r Lemma 3.4. Let W ðA; T; jÞ be a simple generalized Witt algebra with dim
The proof is similar to that of Lemma 3.3. We omit the details. r
From the above two lemmas, we can easily see Lemma 3.5. Let W ¼ W ðA; T; jÞ be a simple generalized Witt algebra with dim T > 1. (i) the trivial module Fv 0 , Next we suppose dim V > 1, and dim T b 2. If B is a sub-group of A, T 0 is a subspace of T such that jj T 0 ÂB is non-degenerate, then W ðB; T 0 ; jÞ is also a simple Witt algebra, and V ðb; BÞ ¼ L x A B V bþx is a W ðB; T 0 ; jÞ-module.
Otherwise suppose x 0 A A such that V aþx 0 ¼ 0, and a þ x 0 0 0. Since dim V > 1, we can choose
jÞ is a centerless Virasoro algebra, and
is a nontrivial W ðZðx 1 À x 0 Þ; F q 0 ; jÞ-module with one weight missing. So Since F is algebraically closed, we can choose a basis q 0 ; q 1 for T such that ker q 0 ¼ ker q 1 ¼ 0. Because W ðA; F q 0 ; jÞ is a centerless Virasoro algebra, from Theorem 2.2 there exists b 0 such that we can choose v y A V aþy for all y A Anf0g satisfying:
We are going to prove that f ðx; yÞ ¼ 0 for all x; y with y þ a 0 0 0 a þ x þ y. From
we obtain
for all x 1 ; x 2 ; y A A with y þ a 0 0 0 y þ x 1 þ x 2 þ a, and y þ x 1 þ a 0 0 0 y þ x 2 þ a.
From the computation
ð4:7Þ
for all x 1 ; x 2 ; y A A with
From (4.5) it follows that f ð0; yÞ ¼ 0: ð4:8Þ
By setting x 2 ¼ Àx 1 , in (4.7) and using (4.8) we obtain
Replacing y with y þ kx 1 in (4.9) gives
ð4:10Þ for all x; y A A with y þ a þ ðk G 1Þx 1 0 0 0 y þ a þ kx 1 .
For any fixed pair ðx 1 ; yÞ, actually (4.10) holds for all k A Z except for at most three k, say k ¼ k 0 ; k 0 À 1; k 0 À 2. If such a k 0 does not exists we should ignore all restrictions related to k 0 . Noting that the right hand side of (4.10) is the left hand side with k replaced by k þ 1, so there exist a x; y A F such that
for all k > k 0 (or k < k 0 À 2), where a x 1 ; y A F also depends on y. Note that for k > k 0 and k < k 0 À 2, a x 1 ; y is maybe di¤erent. But there will be no conflict we use the same notation. Setting x 1 ¼ kx 2 , y ¼ y þ jx 2 in (4.7) and using (4.11), we deduce that
i.e.,
Comparing the coe‰cients of k 2 , we see that a jx 1 ; y jq 0 ðx 1 Þð1 þ jÞq 0 ðx 1 Þ ¼ ja x 1 ; y jq 0 ðx 1 Þ jq 0 ðx 1 Þ;
Applying (4.14) to (4.13) gives
It is clear that (4.15) is a polynomial identity in j and k, so (4.15) holds for all j; k A F . Setting j ¼ 0; À1 in (4.15) respectively, we obtain In the first case, we deduce that y ¼ x 1 (we have chosen a ¼ 0). In the second case, we deduce that y ¼ 0 (we have chosen a ¼ 0). Thus a x; y ¼ 0 for all x; y A A with x 0 y, y þ a 0 0 0 x þ y þ a. From (4.11) we see that f ðx; yÞ ¼ 0 for all x; y A A with y þ a 0 0 0 x þ y þ a. Therefore from this fact and Lemma 3.5, we deduce that V F A a; b ðW Þ, A We say that a sub-group B of A is non-degenerate if jj TÂB is non-degenerate. For any sub-group B of A, recall that 
As modules over the Virasoro algebra W 0; 0 ¼ W ðZz 0 ; F q 0 ; jÞ, from (4.22) we deduce
The last six cases possibly
b A f0; 1g: 
Thus, we obtain that
Applying this to (4.29) we get a contradiction. This contradiction shows that our assumption b 0 b i for some i A Znf0g is not true. Thus, b ¼ b i for all i A K.
From Claim 3.1, for the fixed j A J we know that in (4.22) and (4.23),
Thus, we have chosen all v xþy j A V aþxþy j for all x A M 1 , with x þ y j þ a 0 0 if b A f0; 1g.
Claim 3.2. For a fixed j A J, and jj ðF q 1 þF q 3 ÞÂN 0 is non-degenerate where N 0 ¼ Zx 1 þ Zx 0 1 þ Zx 2 is a free abelian group. Note that jj ðF q 1 þF q 3 ÞÂN 1 is non-degenerate. Since F is algebraically closed, there exist distinct l 1 ; l 2 ; l 3 A F such that kerðq 2 þ l i q 3 Þj N 1 ¼ 0 and jj T i ÂN 0 is non-degenerate, where
; jÞ are simple generalized Witt algebras. From Claim 3, corresponding to (4.35) we know that, for i ¼ 1; 2; 3, 
From (3.37) for i ¼ 1, we can choose v x A V aþx for all x A N 1 such that
Since N 1 is of finite rank, we know that there exists a sub-group N From Claim 4.1, Equations (4.39) and (4.40), we know that
with a þ y 0 0 0 a þ x þ y. Therefore in (4.35) and (4.37)
Since x 1 ; x 2 run over B, since (4.43) is compatible for di¤erent x 1 ; x 2 , we can choose
with a þ y 0 0 0 a þ x þ y. A contradiction to the maximality of B. Claim 4 follows.
From Claim 4, we know that there exists a maximal subspace T 0 H T with dim T 0 b 2 and with the property: we can choose v x A V aþx for all x A A such that ðt x qÞv y ¼ qðy þ a þ bxÞv xþy ; for all x; y A A; q A T 0 ; ð4:46Þ
It is su‰cient to show that T 0 ¼ T. To the contrary, suppose T 0 0 T. Choose x 0 ; y 0 A A such that ða þ y 0 Þj T 0 and x 0 j T 0 are linearly independent over F . Then there exist
with y þ a 0 0 0 a þ x þ y. From (4.47), (4.46) we see that 
Suppose that
It is not di‰cult to obtain that f ðxÞ ¼ f ð yÞ; Ex; y A Anf0g:
Therefore Claim 5 follows. 
